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Some inequalities for Hosoya’s topological index are deduced, revealing its dependence on
the structure of the carbon-atom sekeleton of a hydrocarbon molecule.

The quantity Z, introduced in 1971 by Hosoya
[1], belongs among the best investigated topological
indices [2]. It is defined in the following manner.
If G is the molecular graph of a saturated hydro-
carbon [3] and m (G, k) is the number of k-match-
ings of G, then

P
Z=Z(G)= >, m(G,k). (1)
k=0
The summation ranges over all non-zero m (G, k)
numbers. Recall that a k-matching of a graph G is a
selection of k& mutually nonadjacent edges in G
[3, 4]. By definition, m (G,0) =1 for all graphs G.
Furthermore, if m denotes the number of edges of G,
then m (G, 1) = m.

In (1) the parameter p is the size of a maximal
matching in G. In other words, m (G, p) # 0 whereas
m(G,p+1)=0.

There exists an extensive literature on the ap-
plications of Z to various chemical problems,
especially in chemical thermodynamics [3, 5—11].
The dependence of Z on the structure of the
molecular graph G is less investigated and the
present paper will provide some of the first mathe-
matical findings, relating Z(G) with simple in-
variants of G.

Our main result are the inequalities

Z=[1+m/p+(p— 1)1

[I+m/p—(p— 1D 2TpP"!
= (1+m/p)y, _ (2)
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where
T=(pd—m*=pm)"?p~! A3)

and d is the sum of the squares of the degrees of the
vertices of the molecular graph G. The formulas (2)
hold for p = 1.

If p> 2, then both inequalities in (2) are strict.
If p=2, then the L. h.s. relation becomes an equal-
ity. If p=1, then both relations reduce to the
identity Z =1+ m.

The method used for deducing (2) is to a great
extent analogous to the recently employed varia-
tional technique, by which an upper bound for
total m-electron energy has been obtained [12]. Our
starting point is the identity

P
InZ=> In(1+y?}, 4)

i=1
where yi, Ya,...obn (M2 =2y, >0Z 54
=---=zy,) are the zeros of the matching poly-
nomial [4] of the graph G:

P
(G, x)=kz_:0 (= D*m (G, k) x"— 2k, (5)

Bearing in mind that [4, 13]

I=m (6)

)4
Z y‘}zd—m (7)

i=1

we may consider the expression

P
> In(1+x73) (8)

i=1
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and seek for its extremes, provided the conditions

»
Z \‘,-’=d—m )
i=1

and/or
p
> xi=m (10)

are obeyed. Since the relations (9) and (10) are
chosen so to fully match (7) and (6), respectively, the
maximal value of (8) will be an upper bound of
InZ in (4). In (8)—(10) the quantities x; are
positive variational functions which must be distin-
guished from the zeros y; of the matching poly-
nomial (5).

We first determine the maximum of (8) under the
constraint (10). According to the standard varia-
tional procedure we set

p p
L= In(1+x)+4i x?
i=1 i=1

and require that
oL

—=0 for j=1,2,...,p.
an

This yields

2x;(1+x)7'+24x=0,

xi=)-1-1/4.
Combining this latter result with the condition (10)
we find that

(11)

Therefore the maximum of (8) is equal to
pIn(1+m/p), which immediately gives the r.h.s.
expression in (2).

If, now, both the constraints (9) and (10) are
taken into account, we arrive at

Xj=xp=-=x,=)m/p.

2x5,(1+x) " +2ix+4ux]=0,
1.8

2uxi+Qu+i)xi+(A+1)=0. (12)

Suppose the roots of (12) are real, and denote the
positive roots of (12) by a and b, a > b > 0. The
case @ = b must not occur since then we would have
the case (11), which evidently violates the condition

9.
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Then the solution of our variational problem can
be written as

X|=x3="""Xx,=a,

(13a)
(13b)

xt+|=“'=xp=b’

where 7, 1 =1 < p, remains still to be determined.
Substituting (13) back into (9) and (10) we obtain
the equations

ta’+ (p—1t)b>=m,
ta*+ (p—1t)b*=d—m,

(14)
(15)

which are fully analogous to (21) and (22) of [12].
The stationary points of (8) are evidently given by

tln(l1+a®)+ (p—10In(l +b?, (16)
which we shall denote by In Z (7), that is
Z(n=(1+a?) (1+bH)r ", (17)
Straightforward calculation gives
a=a(t)y=[m/p+(p—0)"2t7'2T]"2, (18a)
b=b(t)=[m/p—1"(p—0n~"2T]"?, (18b)

and it is easy to show that a(z) is real for all ¢
1 =t < p, whereas b (¢) is real for

1 =t =[m%(d-m)).

The parameter 7 in (3) is necessarily real. In
order to see this, notice that, since the mean value
of the squares is never smaller than the square of
the mean value,

Bearing in mind (9) and (10) we get
(d—m)/p = (m/p)*

from which
pd—m*—pm=0.

Therefore the r.h.s. of (3) must be real.

The above analysis justifies the previous assump-
tion that the roots of (12) are real numbers.

We now demonstrate that Z (¢) is a monotonously
decreasing function of 7. In order to do this we
differentiate (14), (15) and (16) with respect to ¢
and (in full analogy to (29) of [12]) obtain for the
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first derivative of In Z (7):

(nZ ()] =f(x0): xo=(1+ad)/(1+b?,
where

f(x)=Inx—x/2+@2x)"".

It is evident that for x = 1, f(x) = 0. On the other
hand, f’(x)=— (x—1)2(2x?%"!, from which fol-
lows that f(x) is monotonously decreasing. There-
fore f(x) is negative for all x > 1. Since (a*+ 1)/
(b>+ 1) is necessarily greater than unity, f (xo) must
be negative. Hence, [In Z ()]’ is negative. This
means that In Z (1) and therefore also Z (z) mono-
tonically decrease with increasing ¢,

1 =t=[m%(d—-m)].

As a consequence of the above result, Z (¢), r =1
is an upper bound for the Hosoya index. Taking

[1] H. Hosoya, Bull. Chem. Soc. Japan 44, 2332 (1971).

[2] For review of topological indices see: A. T. Balaban,
I. Motoc, D. Bonchev, and O. Mekenyan, Topics Curr.
Chem. 114, 21 (1983). For a detailed account of
the properties of Hosoya’s topological index see
pp. 127—134 of the book [3].

[3] I. Gutman and O. E. Polansky, Mathematical Con-
cepts in Organic Chemistry, Springer-Verlag, Berlin
1986.

[4] For definition and basic properties of matchings and
matching polynomial see: I. Gutman, Match (Miil-
heim) 6,75 (1979).

[5] H. Hosoya, Theor. Chim. Acta 25, 215 (1972).

I. Gutman and J. Cioslowski - Bounds for the Hosoya Index

into account (17) and (18) we arrive at the first
inequality in (2).

It remains to prove that Z (1) is not greater than
(1 +m/p)P. This can be done by considering Z (1),
namely

ZM)=[1+m/p+(p—1)"T]
‘N+m/ip—(p-1)""2TP-1  (19)

as a function of T. Setting formally 7 = 0, the r.h.s.
of (19) reduces to (1 + m/p)?. On the other hand,

0lnZ() _

D21 +m/p+ (p— D217}
== =17 p+(p

~(p= )" +m/p~(p= 12 TT"

which is clearly negative for 7> 0. Therefore, when-
ever T > 0, Z (1) is smaller than (1 + m/p)?.
This completes the proof of the inequalities (2).
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